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Abstract 

Let (M", g) be a compact Riemannian manifold with boundary dM. This 
paper is concerned with the set of scalar-flat metrics which are in the con- 
formal class of g and have dM as a constant mean curvature hypersurface. 
We prove that this set is compact for dimensions n > 7 under the generic 
condition that the trace-free 2nd fundamental form of dM is nonzero ev- 
erywhere. 



1 Introduction 

In 1960, H. Yamabe ( Il42l ) raised the following question: 

YAMABE PROBLEM: Given {M",g), a compact Riemannian manifold (without 
boundary) of dimension n > 3, is there a Riemannian metric, conformal to g, with 
constant scalar curvature? 

This question was affirmatively answered after the works of Yamabe him- 
self, N. Trudinger ([41 J), T. Aubin (|3|) and R. Schoen (136|). (See [27\ and 1391 
for nice surveys on the issue.) 

In 1992, J. Escobar ( ||T8l ) studied the following Yamabe-type problem, for 
manifolds with boundary: 

YAMABE PROBLEM (boundary version): Given {M",g), a compact Riemannian 
manifold of dimension n > 3 with boundary, is there a Riemannian metric, conformal 
to g, with zero scalar curvature and constant boundary mean curvature? 

In analytical terms, the problem proposed by Escobar corresponds to finding 
a positive solution to 

\Bm+Ku^2 = 0, on<9M, ' 



for some constant K, where Lg = Ag - ^^^Rg is the conformal Laplacian and 



Bg = J- - ^hg. Here, Ag is the Laplace-Bel tr ami operator, Rg is the scalar 



curvature, hg is the mean curvature of dM and /] is the inward unit normal 
vector to dM. 

The solutions of the equations are the critical points of the functional 



where dvg and dOg denote the volume forms of M and dM, respectively. In order 
to prove the existence of solutions to the equations Escobar introduced 
the conformally invariant Sobolev quotient 

Q(M, dM) = rnf {Q(m); u e C\M), u^OondM]. 

The question of existence of solutions to the equations was studied in Ifll , 
IITHl , lfT9l , II20II , Il33l and ||3ll- Conformal metrics of constant scalar curvature 
and zero boundary mean curvature were studied by Escobar in [17] (see also 
m and L23J). 

In the case of manifolds without boundary, the question of compactness of 
the full set of solutions to the Yamabe equation was first raised by R. Schoen 
(i37J) in a topics course at Stanford University in 1988. A necessary condition 
is that the manifold M" is not conformally equivalent to the sphere S". This 
problem was studied in [14], [IeTI, [WI, [29|, [31], [32], [38J and [40] and was 
completely solved in a series of three papers: [7], |8| and |26|. In [7], Brendle 
discovered the first smooth counterexamples for dimensions n >52 (see 1 5 1 for 
nonsmooth examples). In [26 1, Khuri, Marques and Schoen proved compact- 
ness for dimensions 3 < n < 24. Their proof contains both a local and a global 
aspect. The local aspect involves the vanishing of the Weyl tensor at any blow- 
up point and the global aspect involves the Positive Mass Theorem. Finally, in 
[8 1, Brendle and Marques extended the coimterexamples of [7] to the remaining 
dimensions 25 <n < 51. In ||28|, ||29l and Il32ll the authors proved compactness 
for n > 6 under the condition that the Weyl tensor is nonzero everywhere. 

In the present work we are interested in the compactness of the set of positive 
solutions to 

|V = 0, inM, 

]BgU + KuP = 0, on dM, ^ ' ' 

where 1 < p < ^ . A necessary condition is that M is not conformally equiva- 
lent to B". As stated by Escobar in Il8l , Q{M,dM) is positive, zero or negative 
if the first eigenvalue Ai{B,^) of the problem 

ilgU =0, in M, 

I BgU + Am = 0, on dM 

is positive, zero or negative, respectively. If Ai(Bg) < 0, the solution to the 
equations | |1.2^ is unique. If Ai(B^) - 0, the equations | |1.2| become linear and 
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the solutions are unique up to a multiplication by a positive constant. Hence, 
the only interesting case is the one when Ai(B(,) > 0. 

We expect that, as in the case of manifolds without boundary, there should 
be counterexamples to compactness of the set of solutions to the equations 
in high dimensions. In this work we address the question of whether 
compactness of these solutions holds generically in any dimension. 

Our first result is the following: 

Theorem 1.1. Let (M",g) be a Riemannian manifold with dimension n > 7 and 
boundary dM. Assume that Q{M,dM) > 0. Let {w,} be a sequence of solutions to the 



equations (1.2^ with p = pi e [1 + yo, ^]for any small fixed yo > 0. Suppose there is 
a sequence [Xi] c dM, x, Xq, of local maxima points ofui\sM such that Uj{xi) oo. 
Then the trace-free 2nd fundamental form ofdM vanishes at xq. 

By linear elliptic theory, uniform estimates for the solutions of equation 
(1.2 1 imply C*^" -estimates, for some < a < 1. By the Hamack-type inequality 



of Lemma 9.3 (proved in Il23l ), uniform estimates on the boundary dM imply 
uniform estimates on M. Hence, an immediate consequence of Theorem 1.1 is a 
compactness theorem for Riemannian manifolds of dimension n >7 that satisfy 
the condition that the boundary trace-free 2nd fimdamental form is nonzero 
everywhere. More precisely: 

Theorem 1.2. Let {M",g) be a Riemannian manifold with dimension n > 7 and 
boundary dM. Suppose Q{M,dM) > and that the trace-free 2nd fundamental form 
of dM is nonzero everywhere. Given a small yo > 0, there is C > such that for any 
u > I 



and p e^l + y^, ^j, solution to the equations {1.2 we have 



C ^ <u <C and ||w|Ic2.«(m) ^ C, 



for some < a < 1. 



It was pointed out to me by F. Marques that a transversality argument 
implies that the second fundamental form condition above is generic for n > 4. 
In other words, the set of the Riemannian metrics on M" such that the trace-free 
second fundamental form of dM is nonzero everywhere is open and dense in 
the space of all Riemannian metrics on M for n > A. 

We should mention that Theorem 1 1 . 2 1 does not use the Positive Mass Theo- 
rem, since the proof of Theorem 1 1 . 1 1 contains only a local argument, based in a 
Pohozaev-type identity. 

The problem of compactness of solutions to the equations | |1.2| was also 
studied by V. Felli and M. Ould Ahmedou in the conformally flat case with um- 
bilic boundary ([20 1) and in the three-dimensional case with umbilic boundary 
( II2TI ). Other compactness results for similar equations were obtained by Z. 
Han and Y. Li in and by Z. Djadli, A. Malchiodi and M. Ould Ahmedou in 
L12J and M- 



A consequence of Theorem 1 . 2 is the computation of the total Leray-Schauder 
degree of all solutions to the equations l |l.l) , as in |20j|, 121J and 1231 (see 
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also f2E\). When Ai(Bg) > 0, we can define a map Fp : Qa ^ C2'«(M) by 
Fp{u) = u + T{E{u)uf). Here, T is the operator defined by T{v) = u, where u is 
the unique solution to 

ilgU-O, inM, 
I BgU = V, on dM , 

and Qa = {u e C^'"(M); |m|c2.<>(m) < A, m > A~^). From elliptic theory we 
know that the map u i-> T{E{u)u'') is compact from Qa into C^'"{M), where 

^("^ ^ Jm + 4§^^c?"^'^'^s + ^ Lm^s^^'^'^s energy of m. Hence, Fp 
is of the form I + compact. If Fp((9Qa), we may define the Leray-Schauder 
degree (see [35]) of Fp in the region Qa with respect to e C^'"(M), denoted by 
deg(Fp, Qa, 0). Observe that Fp(M) = if and only if m is a solution to 

iLgU = 0, inM, 
IBgU + E{u)uP = 0, on dM. 

Observe that these equations imply that J^^uf'^^dog = 1. By the homotopy 

invariance of the degree, deg(Fp,QA,0) is constant for all p e ^1, provided 

that i= Fp((9Qa) for all p e [l, ^]. In the linear case, when p = 1, we 
have deg(Fi,QA,0) - -1. This is the content of Lemma 4.2 of |20], which is 
a modification of the arguments in ||23] , pp.528-529. Thus, for A sufficiently 



large. Theorem 1.2 allow us to calculate the degree for all p e ^1, ;^]. Hence, 
we have: 



Theorem 1.3. Let {M",g) satisfy the assumptions of Theorem 1.2 Then, for A 
sufficiently large and all p e ^1, ^ j, we have deg{Fp, Qa, 0) = -1. 

We will now outline the proof of Theorem |1.1| The strategy of the proof 
is similar to the one proposed by Schoen in the case of manifolds without 
boundary. It is based on finding local obstructions to blow-up by means of 
a Pohozaev-type identity. We suppose that there is a simple blow-up point 
for a sequence {«,}. We then approximate the sequence {«,} by the standard 
Euclidean solution plus a correction term (pj. The function (pj is defined as a 
solution to a non-homogeneous linear equation. We then use the Pohozaev 
identity to prove that the boundary trace-free 2nd fundamental form vanishes 
at the blow-up point. Finally we apply the Pohozaev identity to establish, after 
rescaling arguments, a sign condition that allows the reduction to the simple 
blow-up case. 

An important part in our proof is the use of the correction term (pi to obtain 
refined porntwise blow-up estimates. The idea of using a correction term first 
appeared in [24J and was significantly improved in [6J. This type of blow-up 
estimate was derived in Il26l where the authors studied compactness in the case 
of manifolds without boundary. Although we do not have the kind of explicit 



4 



control of the terms (pi the authors had in \2E], a key observation is that some 
orthogonality conditions are sufficient to obtain the vanishing of the boundary 
trace-free 2nd fundamental form. 

In Section 2 we establish some notation and discuss some basic results. In 
Section 3 we prove the Pohozaev identity we will work with. In Section 4 we 
discuss the concepts of isolated and isolated simple blow-up points and state 
some basic properties. In Section 5 we find the correction term (pi and prove its 
properties. In Section 6 we obtain the pointwise estimates for m,. In Section 7 
we prove the vanishing of the trace-free 2nd fundamental form at any isolated 
simple blow-up point and prove the Pohozaev sign condition. In Section 8 we 
reduce our analysis to the case of isolated simple blow-up points and prove 
Theorem ll.il 

Acknowledgements. The content of this paper is a part of the author's doctoral 
thesis (ITj). The author would like to express his gratitude to his advisor Prof. 
Fernando C. Marques for numerous mathematical conversations and constant 
encouragement. While the author was at IMPA, he was fully supported by 
CNPq-Brazil. 

2 Preliminaries 
2.1 Notations 

Throughout this work we will make use of the index notation for tensors, 
commas denoting covariant differentiation. We will adopt the summation 
convention whenever confusion is not possible. When dealing with coordinates 
on manifolds with boundary, we will use indices 1 < i, j,k,l < n - 1 and 
1 < a,b,c,d < n. Lines under or over an object mean the restriction of the metric 
to the boundary is involved. 

We will denote by g the Riemannian metric and set det^ = det^„;,. We 
will denote by Vg or V the covariant derivative and by or A the Laplacian- 
Beltrami operator. The full curvature tensor will be denoted by Rated, the Ricci 
tensor by Rgi, and the scalar curvature by Rg or R. The second fundamental form 
of the boimdary will be denoted by h^i and the mean curvature, ^trijxi^i), by hg 
or h. By nu we will denote the trace-free second fundamental form, h}^i - hgi^i. 

By we will denote the half-space {y = (yi, y„) e R"; y„ > 0}. If y e R!^ 
we set y = (yi, y„_i) e ^R" = R""^. We will denote by 6^(0) (or simply by 
B+) the halfball 65(0) n R'j, where 65(0) is the Euclidean open ball of radius 
6 > centered at the origin. Given a subset A c R" , we set d^A = dA n R" and 
d'A = n (9R« . 

In various parts of the text, we will identify a point Xq e dM with the origin 
of R", that meaning we are making use of Fermi coordinates (p : (0) M, 
centered at Xq. In that case, we will sometimes write B'!^{xo) or B|(0) instead of 

The volume forms of M and dM will be denoted by dvg and dOg, respectively. 
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By 7] we will denote the inward unit normal vector to dM. Finally, o,, will denote 
the area of the n-dimensional unit sphere in IR""""^ and | ■ | the Euclidean norm. 

2.2 Standard solutions in the Euclidean half-space 

In this section we will study the Euclidean Yamabe equation in R" and its 
linearization. 

The simplest example of solution to the Yamabe problem is the ball in ]R" 
with the canonical Euclidean metric. This ball is conformally equivalent to 
the half-space R" by the inversion F : M" ^ B"\{(0, ...,0, -1)) with respect to 
the sphere S'j'"HO, ...,0, -1) with center (0,...,0,-l) and radius 1. Here, B" = 
Bi/2(0,..., 0,-1/2) is the Euclidean ball in ]R"+i with center (0, ...,0, -1/2) and 
radius 1 /2. The expression for F is 



(yi,..., yn-i,y„ + l) 

y'i + •- + y'_i + (3/« + 1)^ 



F(yi, ...y„) = — — ^ ^ ^ + (0, 0, -1) , 



and of course its inverse mapping has the same expression. An easy 
calculation shows that F is a conformal map and F*gj,„c/ = U^geud in R+, where 
geud is the Euclidean metric and !J(y) = {y\ + ... + y^ ^ + (y„ + 1)^)"^. The 
fimction \1 satisfies 



0, uiR'l, 
|^ + (n-2)!Js^ =0, oTxdWl. ^^'^^ 



Since the equations | |2.1| are invariant by horizontal translations and scalrngs 
with respect to the origin, we get the following family of solutions to the 
equation | |2.1| : 

{ 

(2.2) 



[{A+yur + L":i{yi-zjr 



where A e IR and z = (zj, ...,z„_i) e ]R""^ 

In fact, the converse statement is also true: by a Liouville-type theorem in 
pm (see also [16 1 and [ 11 1), any non-negative solution to the equations | |2.1| is 
of the form | |2.2| or is identically zero. 

The existence of the family of solutions ||2.2[ has two important conse- 



quences. First, we see that the set of solutions to the equations 1 2.1 1 is non- 
compact. In particular, the set of solutions to the equations l |l.l[ l is not compact 
when M" is conformally equivalent to B". Secondly, the functions for 

i = 1, n - 1, and '^U + y^^, are solutions to the following homogeneous 
linear problem: 



[A^ = 0, inR", 

[g+nUs^V' = 0, on^R". ^ ' 
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Notation We set 4>j = f^, for ; = 1, ...,n - 1, and i/;„ = ^^!J + y^f^. 

Now, we will show that linear combinations of ipi,..., ip„ are the only so- 
lutions to the equations 1 2.3 1 under a certain decay hypothesis. This result is 
similar to the one obtained in |,9J for the case of manifols without boundary. 
More precisely we have: 

Lemma 2.1. Suppose \p is a solution to 

[^+mUA^ = 0, ondWl. 
lfi\){y) = 0((1 + \y\)~")for some a> 0, then there exist constants ci, ...,c„ such that 

n 

fl=l 



The following result will be used in the proof of Lemma 2.1 
Lemma 2.2. The eigenvalues A of the problem 

f Ai/) = , in B" , 

|#+A^ = 0, ondB" ^^-^^ 

are given by {Ak = 2A:}^^(,. The corresponding eigenvectors are the harmonic homoge- 
neous polynomials of degree k restricted to B". Here, the coefficients of the polynomials 
are given by the coordinate functions ofR" with center (0, ...,0, -1/2). In particular, 
the constant function 1 generates the eigenspace associated to the eigenvalue Aq = 
and the coordinate functions z\,..., Zn restricted to B" generate the eigenspace associated 
to the eigenvalue Ai. 

Moreover, F takes Zj to -^U~^ipj,for j = 1, ...,n - 1, and z„ to -^U'^ipn- 

Proof. The first part is an easy consequence of the fact that the spherical har- 
monics generate L^(S"~^). The last part is a straightforward computation. □ 



Proof of Lemma 2.1 The equations are equivalent to 

(A4' = 0, inB"\{(0,...,0,-l)}, 
21/^ = 0, on5B"\{(0,...,0,-l)}, 

where ip = U~^\p. The hypothesis Tp{y) = 0((1 + \ y\)~ "), < a < n - 2 implies 



that ^ e LP(B"), for any < P < „-2-a ■ Lemma 9.1 ensures that i/' is a weak 
solution to 

f Ai/) = , in B" , 

Y^+24> = 0, ondB". 

It follows from elliptic theory that ip e C°°(B"). In other words, ip is a solution 
to the equations ( |2.4^ if and only if ip is an eigenfunction associated to the first 
nontrivial eigenvalue Ai = 2 of the problem 1 2.5 1. The result now follows from 
Lemma IZ2l □ 
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2.3 Coordinate expansions for the metric 

In this section we will write expansions for the metric g in Fermi coordinates. 
We will also recall the conformal Fermi coordinates, introduced by Marques in 
|[33J, that will simplify the computations in the next chapters. The conformal 
Fermi coordinates play the same role that the conformal normal coordinates 
(see [|27l ) did in the case of manifolds without boundary. 

Definition 2.1. Letxo e dM. Wechoosegeodesicnormalcoordu-iates(xi, 
on the boundary, centered at Xq. We say that (xi, ...,x„), for small x„ > 0, are 
the Fermi coordinates (centered at xq) of the point exp^(x„rj(x)) e M. Here, we 
denote by i]{x) the inward unit vector normal to dM at x e dM. 

It is easy to see that in these coordinates g„„ = 1 and gy„ = 0, for ; = 1, n-1. 
Fixxo e dM. Using Fermi coordinates centered at xq, we work in B^;J^(0) c R", 
for some small 5 > 0. 

Notation Set 

* \a\=ya,b=l 

where a denotes a multiindex. We write \dg\ = \d^g\ for short. 

The following proposition gives the expansion for the Riemannian metric g 
in Fermi coordinates: 

Proposition 2.1. For x e 6^(0), 

1 - 

^'^(x) = 6ij + 2hij{xo)x„ + -R,kji{xQ)xkXi + 2hij;k{xo)x„Xk 

+ {Rninj + 3hikhkj){Xo)xl + 0{\d^g\\x\^). 

Proof. This is proved as in Lemma 2.2 of 1331 . □ 

The existence of conformal Fermi coordinates and some of its consequences 
are stated as follows: 

Proposition 2.2. For any given integer N > 1, there is a metric g, conformal to g, 
such that in g-Fermi coordinates centered at xq, 

detg = l + 0(|xn. 

Moreover, g can he writen as g = fg, f > 0, with /(O) = 1 and ^(0) = for 
k = \, ...,n - \. We also have 

(i) Rijixo) = Rij;k{xo) = 0; 

(ii) Rn„{xo) + {hijf{xo) = 0; 

(Hi) h{x) = 0(|x|^), where N can be taken arbirarily large. 
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Proof. The first part is Proposition 3.1 of f33]. Items (i) and (ii) are proved as in 
Proposition 3.2 of the same paper. Item (iii) follows from the fact that 

-1 -1 



2{n-ir ' 2(n-l)~ 



2.4 Conformal scalar and mean curvature equations 

In this section we will introduce the partial differential equation we will work 
with in the next sections. We will also discuss some of its properties related to 
conformal deformation of metrics. 

Let M be a positive smooth solution to 

\BgU + {n- 2)f-''uP = 0, ondM, ^ ' ' 

where t = ^ - p, 1 + yo < p < for some fixed yo > and / is a positive 
function. The equations | |2.6| have an important scaling rnvariance property. 
Fix xq e dM. Let 6 > be small. Given s > define the renormalized function 

v{y) = s FT u{sy) , for y e B\^_, (0) . 
Here, we work with Fermi coordinates centered at xq. Then 

\b^v + (n - 2) = 0, on <9'B;_, (0) , 

where /(y) = /(sy) and the coefficients of the metric g in Fermi coordinates are 
given by gH(y) = gH(sy). 

Notation We say that u e M.^ if u is a positive smooth solution to the equations 
(|Z6ll. 



The reason to work with the equations | |2.6| instead of the equations ( |1.2| 
is that the first one has an important conformal invariance property. Suppose 

4 

g = c/)^g is a metric conformal to g. Recall that the conformal Laplacian 
satisfies 

L^^^_^{cp-'u)=,p-'^2L^u, (2.7) 

for any smooth functions (p > and u. Similarly, the boundary operator Bg 
satisfies 



Hence, if m is a solution to the equations (2.6 1, then cp satisfies 

iLg{(p-'^u) = 0, inM, 

\Bg{(p-^u) + {n- 2){(pf)-'{(p-'^u)P = 0, on dM , 

which is again equations of the same type. 
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Notation Let Q c M be a domain in a Riemannian manifold (M, g). Let {g;} be 
a sequence of metrics on M. We say that m; e At, if m, satisfies 



|Lg,M/ = 0, inQ, 
I Bg.Ui + {n- 2)f7'"uf =0, on ^'Q , 



---.^ (2-9) 



where t; = ^ - and 1 + 70 ^ ^ ^ for some fixed yo > 0. 

In this chapter we will work with sequences {m, e Aljandassiraie/- — > / > 
uniformly, and gi — > go in C^(M) for some metric go- 
By the conformal invariance stated above, we are allowed to replace the 

4 

metric gi by </)""^g; as long as we have control of the conformal factors (pi. In 
this case we replace the sequence {«,} by {(pJ^Ui) which we also denote by {«,}. 
In particular, we can use conformal Fermi coordinates centered at some point 
Xi e dM. 



3 A Pohozaev-type identity 

In this section we prove the Pohozaev-type identity we will use in the subse- 
quent blow-up analysis. 

Proposition 3.1. Let ubea solution to 

\-5f„- + Kf-'u^ = , ond'B^, 

where K is a constant. Let < r < 6. Set 

P(^u,r) = [ ( ^M$^ - ^|Vm|2 + r ^\ar + ^ f Kru^^'ddr . 
Jd^sA 2 dr r ' dr ) ' p + lXo-en 

Then 

P{u,r) = -J' {xf'daU + " 2 ^ ^j^gC^)^^ " 2 ^ ^ ^xf'dkU +^^^—^ujhgUdx 

whereAg = Ag-A-^^Rg. 
Proof. Observe that 

r {x''dbu)daaudx + j 6''^{di,u){daU)dx + ^ 1 x^dbidaufdx 
Jb; Jb: 2 Jg+ 

= - 1 {x^di,u){x^daU)dar - f {x'^dku){daU)6ldx . 
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Summing in a = l,...,n we obtain 



5m 
(9r 



dku){dnu)dx . (3.1) 



But, integrating by parts, we have 

l-Y f x'dbidaUfdx^-'^y f {d„ufdx+^-y f {d.ufdOr 

-\Y^{ x'^lidaufdx 
= r |VwNx+^ r |VM|2rfa,, (3.2) 

^ Jb+ ^ J<9+B+ 



r {x^dku){d„u)dx = - f {5^dkU){Kf-'uP - ^^—^hgu)dx 

Jd'B+ Jd'B+ 2 

= ^ r Kx%{uP^')rdx 

P + ^ Jd'B+ 

+ — TT— ( {x'^difU)hgUdx 
2 Jd'B; 

= r Kf-'uP^^dx + f K{x''dkf-')uP^^dx 

--!— f Kf-'uP^^ddr 
P + 1 Jd(d'Bt) 

n — 2 C 

H — I {^dtiU)hgUdx . (3. 

2 JcI'b; 

Substituting equalities l |3.2[ and l |3.3^ in ||3]T| we obtain 

r {x^'dbu)Audx - r IVwI^dx + ^ f IVMprfff^ 

Jb+ 2 Jb+ 2 

- ^— f Kix'^da-'W^'^dx + -!— f Kf-'uP^^ddr 
n — 2 r 

— {x''dku)hgudx . (3.4) 

2 J5'B+ 



(3.3) 
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Using 

r |VM|2dx = - r uAudx+ f U^dOr+ f {Kf-'uP^^--^^ 



hf,u )dx 



and Am = -Ag(M) in equality | |3.4) we get the result. □ 

4 Isolated and isolated simple blow-up points 

In this section, we will discuss the notions of isolated and isolated simple 
blow-up points and prove some of their properties. These notions are slight 
modifications of the ones used by Felli and Ould Ahmedou in [20 1 and |21 J and 
are inspired by similar definitions in the case of manifolds without boundary. 

Definition 4.1. Let Q c M be a domain in a Riemannian manifold (M,g). We 
say Xq e d'O. is a blow-up point for the sequence {m, e A1,}^j, if there is a 
sequence {x,} c d'Cl such that 

(1) X, xo; 

(2) Ui(Xi) oo; 

(3) X, is a local maximum of m/I^^. 

Briefly we say that x, ^ Xq is a blow-up point for {m,}. The sequence (m,} is 
called a blow-up sequence. 

Convention If x, Xq is a blow-up point, we work in 6^(0) c R", for some 
small 6 > 0, using ^, -Fermi coordinates centered at x,. 

Notation If x; ^ xq is a blow-up point we set M/ = Ui{xi), e/ = M- ^\ 
4.1 Isolated blow-up points 

We define the notion of an isolated blow-up point as follows: 

Definition 4.2. We say that x, xq is an isolated blow-up point if it is a blow-up 
point and there exist 6, C > such that 

M,(x)<C|xr^, forallxe 5'B^(0)\(0}. (4.1) 

Remark 4.1. Note that the definition of isolated blow-up point is invariant under 

renormalization, which was descrided in Section 2.4. This follows from the fact 

1 

that if Vi{y) = s''ri m,(si/), then 



M,(X) < Clxf^'ri ^ ^^.(y) < 



where x - sy. 

The first result concerning isolated blow-up points states that the inequality 
(O also holds for points x e B+(0)\{0}. 
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Lemma 4.1. Let x, — > xq be an isolated blow-up point. Then {«,) satisfies 

Ui{x) < C\x\~^' , for all x e B+(0)\{0} . 

Proof. Let < s < | and set Vi{y) - s''^^^ Ui{si/) for \y\ < 3. Then c,- satisfies 

iLg,Vi=0, inB+(0), 
|(Bj, + (n - 2) /;-^'z;f = 0, on d'B^iO) , 

where (gi)ki{y) = (gi)ki(sy) and /(y) = /(sy). Hence, Lemma 



9.3 



gives 



max Vi < C(n, max c,) min c; . (4.2) 

B+(0)\B+2(0) d'B^iO) BJ(0)\B+,(0) 



By the scaling invariance (Remark |4.1| c, is uniformly bounded in compact 
subsets of ^'Bj (0)\{0}. Hence, the result follows from inequality 1 4.2 i. □ 



A corollary of the proof of Lemma 4.1 is the following Harnack-type in- 
equality: 

Lemma 4.2. Let x, xp bs isolated blow-up point and b as in Definition \4.2\ Then 
3C > such that VO < s < |, 

max Uj < C min m, . 

B+(0)\B+,(0) B+(0)\B+2(0) 

The next proposition says that, in the case of an isolated blow-up point, 
the sequence {«,}, when renormalized, converges to the standard Euclidean 
solution U. 

Proposition 4.1. Let x,- — > xq be an isolated blow-up point. Set 

Viiy) = Mi\{M-^''-'\) , for ye B^^,_, (0) . 
Then given R,- — > oo and jii 0, after choosing subsequences, we have 

(a) \Vi - LJ|c2(Bj (0)) < jS,-; 

(b) lim,-^«, isf^ = 0; 

(c) \imi^^Pi = 

The proof of Proposition 4.1 is analogous to Lemma 2.6 of 1 201 or Proposition 
4.3 of 1^. It uses the fact that, by the Liouville-type theorems of ||25l and ||30| , 
every non-negative solution to 

(Av = 0, in K'l, 

1^ + (n - 2)i;P° = 0, on dM.^, ^^'^^ 
for 1 < Po < is either identically zero or is of the form | |2.2^ , in which case 
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Remark 4.2. Once we have proved Proposition |^T] it is not difficult to see that, 
if we change the metric by an uniformly bounded conformal factor fi > 0, with 

fi{0) = 1 and ^(0) = for k = l,...,n - 1, then isolated blow-up points are 
preserved. This is the case of conformal Fermi coordinates, for example (see 
Proposition |2.2| . 

The following lemma will be used later when we consider the set of blow-up 
points. 

Lemma 4.3. Given R,f5>0, there exists Co > such that ifue Mp and S c dM is 
a compact set, we have the following: 

IfmaXxfidM\s {u{x)dg{x, S)?^) > Co, then < p und there exists xq e dM\S, 

local maximum ofu, such that 

\u{xo)-Mx) - U{u{xof-'x)\^^^,^ ^^^^^ < /5 , (4.4) 

where tq = Ru{xq)~''P~^\ lf% is the empty set, we define dg{x,%) = 1. 

Proof. Suppose by contradiction that there exist R, jS > such that, for all Co > 0, 
there exist u e Mp and S c dM compact such that 



max 

x€dM\S 



(u{x)dg{x,S)n-^^>Co 



and there is no such point Xq. Hence, we can suppose that there are sequences 

Wi{x') = max Wi{x) oo, 

x€3M\ Si 

1 

where Wi{x) = M,(x)dj(x, S,)*"'"' and x'. e dM. Here, S, c dM is compact. We 

assume that p, po, for some po e (l, ^jzj], and x'^ x'^ for some x'^ e dM. Set 
N, = M,(xp. Observe that N/ ^ oo. 

We use Fermi coordinates centered at x'.. Set 57,(1/) = N~^m,(N. ^'y) for 
V e B""" , (0). It follows from the discussion in Section 2.4 that c, satisfies 

Lg,v, = 0, inB+^^,._,(0), 
Bg,v, + {n- 2)/;-^'z;f = , on d'B^^^^_, (0) , 

where fiiy) = f{N. ^^y) and gi stands for the metric with coefficients (gduiy) = 
gdN-'"-''y). 

Claim Vj < C in compacts of R" . 

Let X e d'B'^{0). Since Wi{x) < zvi{x'.), we have 

dg{Si,x'.) - dg{x'.,x) dg{Si,x) / s-i\P'~i 
dgiS„x^ ^^^^(^'"'^-) ) • 
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On the other hand, 

dg{Si,x')-d.{x'x) N~^'''~"\y\ , 



(p,-i)i. 

l-zi;,(x;)-(P'-i'|y| = l-o,(l)|y|, 



where we have set y = N['' ^x. This proves that c, < C in compacts of . Now 
the Claim follows from Lemma [9.3l 

Hence, we can suppose that c, c in C^^^(R"), for c > satisfying the 
equations (|4.3| and c(0) = 1. Then, by the Liouville-type theorems of [25 J and 



301 , Po = ^ and v is of the form 1 2.2 1. Hence, we can find y(/) e (9'B^^p._i(0) 



local maxima of c„ such that y(,) — > (zi, ...,z„_i,0) e ]R". Then, after a renor- 



malization such that C((y(,)) = 1, c, satisfies the estimate |4.4l, for f large, with 
^0 = ^V('> This is a contradiction. □ 



Once we have proved Lemma [4.3} the proof of the following proposition is 
analogous to Proposition 5.1 of [31] (see also Lemma 3.1 of [40J or Proposition 

1.1 of [|231): 

Proposition 4.2. Given small |S > and large R > there are constants Cq, Ci > 0, 
depending only on jS, R and {M",g), such that ifue Mp and max^^i" > Co, then 
- p < |S and there are x\, ...,xm e dM local maxima ofu, such that: 

(1) Ifrj = Ru{xj)-^P-'^^ for j = 1,...,N, then {5'B+(xy) c (?M}^j is a disjoint col- 
lection; 

(2) For i = 1, \u{xj)-Mx) - U{u{xj)P-'x)\^,^^, ^^ ^^ < ji; 

(3) We have 

m(x) d^(x, {xi, ...,Xjv})'^ <Ci, forallxedM, 

1 

u{xj) dg{xj, xi^) p-i > Co , for any j + k. 

4.2 Isolated simple blow-up points 

Let us introduce the notion of an isolated simple blow-up point. Let x, xq be 
an isolated blow-up point. Set 

1 

and Wi{r) = rT'^ Ui{T)- 

Note that the definition of lUi is invariant under renormalization, which was 

1 

descrided in Section 2.4. More precisely, if c,(y) = s fr'^ Ui{sy), then 

1 1 
r''r^Vi{r) = {sr)''i-^Ui{sr) . 



15 



Definition 4.3. An isolated blow-up point x, xq is simple if there is 6 > 
such that Wi has exactly one critical point in (0, 6). 

Remark 4.3. Let x, Xq be an isolated blow-up point and i?, oo. Using 

Proposition 4.1 it is not difficult to see that, choosing a subsequence, r i— > 
1 — 

rPi 1 Ui{r) has exactly one critical point in (0, r,). Moreover, its derivative is 
negative right after the critical point. Hence, if x, xq is isolated simple then 
there is 6 > such that w'.{r) < for all r e [r„ 6). 

The next proposition is an important property of isolated simple blow-up 
points. 

Proposition 4.3. Let x,- — > xp be an isolated simple blow-up point. Then there exists 
C,6 > such that 

(a) MiUi{x) < C\xf--" for all X e B+(0)\{0}; 

(b) M,M,(x) > C~^Gi{x) for all x e B^(0)\B,'I;(0), zvhere G, is the Green's function 
so that: 

(Lg,G:^0, mB^+(0)\{0}, 
G, = 0, on <9+B+(0), 
[b^^,G, = 0, om(9'B+(0) 

and |x|"~^G,(x) 1, as |x| 0. 

For the proof of Proposition |4.3| we will use the following lemma: 

Lemma 4.4. Let x, xq be an isolated simple blow-up point and let p be small. Then 
there exist C,6 > such that 

MfWui\{x) < C|x|2-'-«+P, 
for X e B+(0) and r = 0,\, 2. Here, A, = (p/ - l)(n - 2 - p) - 1. 

The proof of Lemma |4.4| is analogous to Lemma 2.7 of f2n\. It uses the 
following maximum principle of [23J (Lemma A.2): 

Lemma 4.5. Let (N, g) be a Riemannian manifold and Q (zN bea connected open set 
with piecewise smooth boundary dO. = F U E. Let h e L°°{Q,) and a e L°°(E). Suppose 
that u e C2(Q) n C^{Cl) ,u>OinD, satisfies 

AgU + hu <0 , in D., 



dv 



^ +ou<0, onL 



and V e 0^(0) n C^O) satisfies 



AgV + hv <0, in CI, 
%+ov<0, onL, 
1 1' > , onT , 

where v denotes the unit normal of T. pointing inwards. Then v >Oin Cl. 
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Remark AA. Set Vi{y) = MT^Ui{M. ^'y) and suppose that x, — > xg is isolated 
simple. Then, as a consequence of Lemma 4.4 and Proposition 4.1 we see that 
there is C > such that 



|Vi;,|(y) < CMf^'-'\l + \y\) 
for any y e B+ „ , (0) and r = 0,l, 2. 
Now we are going to estimate t, . 

Proposition 4.4. Let x, xq isolated simple blow-up point and let p > be 
small. Then there isC > such that 



\2-r-n 



Ti < 



\Ce 



l-2p+o,(l) 



for n>5, 



CeY^P^°'^^hog{e,), forn=A. 



Proof. We write the Pohozaev identity of Proposition |3.1| as 



(4.5) 



U + 1 



-'•-^P'^^dx. 



(4.6) 



P{u„r)^F,{ui,r)+Fi{ui,r) + 

for r < 6, where 

Fi{u,r) = - Jg^{x''dbU + ^u){Lg^ - A)udx, 
Fi{u,r) = ^ ^,g,(x*'(9f,w + '^u)hgMdx, 

Q,{u, r) = ^ X'b; fr'^'-"'d^ -in -2) isA^%f)f', 

It follows from Proposition |4. 1 1 that we can choose a subsequence such that 

f wf > c> 0, 

where r, = i?,e, 0. Hence, for r > small, Q,(w„ r) > c > 0. 
Using Lemma 4.4 we obtain 



Pi{u„r)<Ce'--' = Ce"-'-'''^"'<'\ 



(4.7) 



Changing variables, 
Fi{u„r) = -e. 



Li 



71 — 1. \ 

fdbV, + —^v,jhgXeiy)viiy)dy. 



Observe that -^+M-2 = -(n-2)^ = o,(l). By Remark 
that we can suppose that h{0) = (see Proposition 2.2 (iii)). 



4.4 



and the fact 



r 



0((1 + |y|)2-")0(e,|y|)0((l + |y|)^-")dy 



2-HN 



> -Ce 



l-2p+o,(l) I 1/ 



for n > 5, 
log e„ for n = 4. 



(4.8) 
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Similarly, 

2__|_j^_2 fi — 2. 

F,{u„r) = -e. {y'^db^, + --—v,){Lg^ - A)v,dy 

rc. ^ 

= e-^P^"'*!) r 0((1 + |y|)2-")0(e,|y|)0((l + \y\Ddy 



Hence, F,(m„ r) > -Ce^ 2p+o,(i)^ n > 4. This, together with the identities 1 4.6 1, 



(4.7 1, d48| and the fact that Q;(M„r) > c> 0, gives the result. 



Now, we are able to prove Proposition 4.3 
Proof of Proposition \4.3\ We will first need the following two claims. 

Claim 1 Given a small cr > 0, there is C > such that 

( u^.'dx < CM-i . 

If follows from Proposition |4.1| that we can choose a subsequence such that 
Here, r; = K,M:^'''"^' and K; ^ oo. On the other hand, by Lemma I' 



4.4 



Jd'Bi\d'B+ ' ' J5'BJ\5'B+ 

This proves Claim 1 . 

Claim 2 There is ai > such that for all < a < ffi there is C = C(a) such 
that 

m,(x)m/(x,) < C 

for any x e d^B^{0). 

It is not difficult to see that if ai > is small we can find a conformal metric, 
still denoted by g„ such that Rg, s in B+ (0) and hg, s on 5'B+ (0). 
We fix a e (0, ai) and choose Xg e (9+B+(0). 
If we set Wi = Ui{Xa)~^Ui, then w; satisfies 



AgW,=Q, mB+(0), 
^ + (n - 2)w,(x„)P'-ia;f = 0, on <9'B;^ (0) . 



dw. 



(4.9) 
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By the Hamack inequality of Lemma 9.3 for each jS > there is > such 
that 

< w,{x) < Cp 



if |x| > jS. Observe that Lemma 4.4 implies that m,(x,j)''' ^ ^ as oo. Hence, 
we can suppose that zvi ^ w > in C^^^(B;J:(0)\(0)) and w satisfies 



K,iv = 0, inB^(0)\{0}, 



= 0, on5'B+(0)\{0}. 



(4.10) 



Here, go is the C^-limit of gi. It follows from elliptic linear theory that 

TV = aG{x) + b{x) for x e B;^(0)\{0} , 
where a > 0. Here, G is the Green's function so that 



A,„G = 0, 
G = 0, 
^ - 

lim|.v|^o |xp""G(x) = 1 , 



inBJ(0)\(0}, 

on5X-(0), 
on5'BJ(0)\(0), 



and b satisfies 



\Ag,b = 0, inB+(0), 



3b 
^1] 



= 0, on^'B+(0). 



We will prove that a > 0. Set r = \x\. Since the blow-up is isolated simple, 
1 I I 

r i-> r''i-'^ Ui{r) is decreasing in (r„ a) (see Remark 4.3 1. Taking the limit as i oo, 

we conclude that r i— > r''^zv{r) is decreasing in (0,0). Hence, iv has a non- 
removable singularity at the origin. Therefore a > 0. 
Fix 6 > small. Then there is Ci > such that 



/ 



div 



a 

Integrating by parts the first equation of | |4.9| we obtain 

„ r . 7 r , r 

= A„„zviax = -^doi) - -z—dx 



-I 



(4.11) 



dw 
dr 



+ o;(l) das + {n- 2)m,(x<,) 



■1 r wfdx 



< -Cl + Cm,(Xo) 1m,(x,) \ 



(4.12) 



where we used the estimate 1 4.11| and Claim 1 in the last inequality. This proves 
Claim 2. 
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Now we are going to prove the item (a). Suppose by contradiction it does 
not hold. Then passing to a subsequence we can choose {x'.} C M such that 
|x'| ^ and 

u,{x,)u,{x')\x'r^ ^ (4.13) 



By Proposition 4.1 we can assume that R,M,(x,) '•f' ^' < \x'.\ < SwhereR, oo. 
1 — 

SetViiy) = \x'.\''r^ Ui{\x'.\ y) for y e B^|^,|_j(0). Hence, the origin is an isolated simple 
blow-up point for {c,}. Thus, by Claim 2, there is C > such that 

\x',\^'u,{xi)u,{x;) = ViiOMy',) < C 



where = \x'.\ ^x'.. This contradicts the h5^othesis 14.13 1 



Item (b) is just an application of Lemma 4.5 



Remark 4.5. Set = ^Ui{M^ ^'y) and suppose that x, xq is isolated 
simple. Then, as a consequence of Propositions |4.1 [ and 4.3 we see that c, < CLT 
inB+ „ j(0). 



5 The linearized equation 



In this section we will be interested in solutions of a certain type of linear 
problem. These solutions will be used in the blow-up estimates of the next 
section. 

Convention In this section, we will always use the conformal equivalence 
between R" U {oo} and B" realized by the inversion F (see Section 2.2). 

Let r x('') be a smooth cut-off function such that x{^) s 1 for < r < 6 
and xi^) - for r > 26. Set Xeji^) = xi^i^)- Thus, Xeii^) - 1 for < r < 5e~^ and 
Xe;{r) = for r > 26e~^. 

Proposition 5.1. Let x; e dM and < Cj ^ be sequences and choose Fermi 
coordinates centered at each x,-. Then there is a solution (pi to 

(A(p,{y) = -Xe.{\y\)e<hi{0)yn{dkdiU){y) , foryeWl, 
\^{y) + nUAcp,{y)=0, foryedK'l, 

satisfying 

|V(/,,|(y) < C{r)e,\hdO)\{l + lyD^'"'-" , for y eR'l , r = 0,1,2 , (5.2) 

<^,,(0) = |^(0) = ... = ^(0) = 0, (5.3) 
oyi oyn-i 

{ uMy)'t>r{y)dy = Q. (5.4) 
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Proof. Set 



MF{y)) - -xeXy)erMO)yn{dkd,u){y)u-'^-{y) for y e . 

Observe that fj can be extended as a smooth function to B" and is L^(B")- 
ortogonal to the coordinate functions zi, ...,z„, taken with center (0, 0, -1/2). 
To see this orthogonality, we use the conformal equivalence between B" and 
]R" U {oo} and the fact that, for every homogeneous polynomial pk of degree k, 
we have 



(5.5) 



By Lemma 2.2 and elliptic linear theory, it is possible to find a smooth solution 

(pe, to 

inB", 



l^^e, = fi, 

[^+2(^.,, =0, on<9B«, 



(5.6) 



also L^(B")-ortogonal to the coordinate functions zj, ...,z„. 

Set D = {(z, w) e B" x B"; z = 2x1}. Let G be the Green's fimction so that 

f AG(z, a;) = qa{w)Za , in (B« x B«)\D , 

1 (Ij + 2) G(z, w) = Q, on (,9B« x dB")\D n (5B" x ^B«) , 

where A and are taken with respect to z, and |z-5X'|"~^G(z, a;) laslz-ifl 0. 
Then satisfies 

(pe,{z) = - I G{z,w)f,{w)dw . 

JB" 

Therefore, 

l^e,(z)l < Ce,|%(0)| r |z - + (0, ...,0, l)!-^^^ . 

It follows from the result in ||22l, p.l50 (see also El, p.l08) that 

(^.,(z) < Ce,|/zH(0)||z + (0,..., 0,1)1-1 < Ce,|^H(0)l(|F(z)l + 1) - 



Hence, (pe, = U(pej satisfies the estimate (5.2 1. By the properties 1 2.7 1 and (2.8 
of the operators Lg and Bg, (pe- is a solution to the equations 15.1 1. 



Now, we choose coefficients Cjj 



1 #q 

n-2 dy, 



(0), i e {l,...,n - 1}, and c,,,,- = 



,(0) and define 



a=l 
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Then (pi is also a solution to the equations | |5.1| and satisfies the identity | |5.3| . 
Since (pei satisfies the estimate l |5.2| , we see that |Ca,,| < C\hki{0)\ei for a = 1, ...,n. 
Hence, (pi also satisfies the est imat e 15.2 1. 

Let us prov e the identity (5.4 1. Observe that (pi - U~^(pi also satisfies the 
equations 15.6 1 and fi is L^(B" )-ortogon al to the constant function 1. Hence, 
integrating by parts the first equation of 1 5.6 i we see that (pi is L^(^B")-ortogonal 
to the funcion 1. This is the identity 1 5.4 . □ 

The following result is an important estimate that will be used in the subse- 
quent local blow-up analysis. 



Proposition 5.2. Let (pi and e,- he as in Proposition 5.1 and suppose that n >5. Then 
(pi satisfies 

- J iy''db(pi + eihM{0)y„dkdiUdy 
- j [y'dyU + 1^uy,ha{0)y„dkdi(p,dy > -C{n)\hi{0fe^-^5^-" . 

I 

Proof. Integrating by parts, 

- J {y''db(pi + {eihi{Q)yndkd]U)dy 

> I e,hi{0)y„dk(pidiUdy + I eihki{0)y„ybdbdk(pidiUdy 
Jb+ , Jb+ , 

+ f eAi{0)yndk(p,d,Udy - QhkiiOfer^d^-" (5.7) 



and 



- j (y'^fc/J + ^ !j) {e,hk,{0)y„dkd,(p,)dy 

> I e,hi:i{0)y„di:Udi(pidy + I £ihu{0)y„ybdbdkUd,(p,dy 

+ f eiha{0)y„dkUd,(Pidy - QhaiOfe^^d^-" . (5.8) 

Jb+ , 

Here, the term C\hiii{0)\^e"~^6^~" comes from the integrals over ^"'"B^^ j using the 
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estimate | |5.2| . Another integration by parts gives 

I eihki{0)y„yt{dbdk(pi)diUdy + I e,ha{0)ynyb{dbdkU)di(p,dy 

> -{n + 1) r e,h,{0)y„dkcp,d,Udy - C\hi{0fe'J-^6^-" 

This, together with the inequalities \5.7\ and l\5.8\ , gives 
- J {y''db(pi + {eihki{0)yndkdiU)dy 

- j l^y'^dbU + ^ u) {eihu{0)yndkdi(pi)dy 

> - f e,hi{0)yndk(p,diUdy - C\h,{0fe';-^5^-" . 

''i 

The result now follows from the following Claim: 
Claim - Jg, e,hM{0)yndk(prdiUdy > -Qhim^el-^^^-" 
Integrating by parts, 

- r e,h,{0)yndkcPid,Udy > f cp,e,hmy„dkd,U - C\h,{0fe1-^6^-" 
Jb+ , Jb* , 

= - r (A<|),)c/),rfy - C|/zH(0)|2er'5'"" . 

It follows from the estimate p.2\ and the assumption over the dimension that 

- r {Acp,)(p,dy > - [ {A(Pi)cp,dy - C\h,{0tel'-^6^-" . 
Jb+ , Jr" 

Hence, in order to prove the Claim, we will show that 

- r {A(p,)(Pidy>0 (5.9) 

Set (pi = U-'^cp,. Then 

- r (A(/)0<|),dy = - r {AB4,)^idz, (5.10) 
Jr" Jb" 
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where we have used the property | |2.7| of the conformal Laplacian. Now, 
integrating by parts in B", we obtain 

- r {AB4i)^,dz= f \y^i\l„dz-2 [ ^Ida, (5.11) 



where rj points inwards on <9B". The last equality is due to the equations (5.1 
and the prope rty l|2.8[ l of the boundary operator Bg. 
By Lemma [2.2( 

inf^.2. 



where Ci = ((^ e Hi(B"); J^^,, ^da = 0}. Hence, by the identity 1 5.4 1, 

r |V(^,|2„dz - 2 1 ^^da>0. 

Jb" JdB" 

Now inequality 1 5.9 1 follows from equalities | |5.10) and l 5.ll) and inequality 
( |5.12) . This proves the Claim. □ 



(5.12) 



6 Blow-up estimates 

In this section, we will give a pointwise estimate for a blow-up sequence {«,} in 
a neighborhood of an isolated simple blow-up point. The arguments given here 
are modifications of the ones given in 1261 and 1321 for the case of manifolds 
without boundary. 

Assumption In this section we assume n >5. 

Let Xj —> xq be an isolated simple blow-up point for the sequence {m, e Mi}. 

1 

Set Vi{y) = e''.'^^ Ui{£iy) for y e B^^_j = B;*"^_i(0). We know that c; satisfies 

0, on^l'B+ J, ^ ' 

he 

where /(y) = /(e",i/) and g, is the metric with coefficients {gi)ki{y) = igdaieiy)- 




Let <pi be the solution to the linearized equation obtained in Proposition 5.1 
The main result of this section is 

Proposition 6.1. There exist C, 6 > such that, after passing to conformal Fermi 
coordinates, 

\vi -{U + cpdliy) < C{\d'gi\ + |%,|2)ef(l + \y\)'-" + Ce'r'{l + lyl)"' , 
IVz;, - V{U + cp,)\{y) < C{\d^g,\ + \dgi\^)e^{l + \y\f-" + Ce«-3(1 + |y|)-2 , 
|V2r;, - V2((J + (/),)|(y) < C{\d^g,\ + \dgi\^)e^{l + \y\f-" + Ce'r^l + lyD'^ , 
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In order to prove Proposition |6 . 1 1 we will first prove some auxiliary results. 
Lemma 6.1. There exist 6, C > such that 

(/),|(y) < Cmax((|o>V,| + \dg^\^)ele'l-\ t,} , 

Proof. Set 

A,- = max \Vi -U- (p,\{y) = \v, -U- (p,\{yi) , 

yes: , 



for some 1/ £ B""" , . From Remark 4.5 we know that Vi < CU in B""" , . Hence, if 

6e. ' be. ' 



there is c > such that > ce. ^, then 

A, = \v, -U- </),|(y,) < C|y,|2-" < Cep^ 

where we used the estimate | |5.2^ in the first inequality. This implies the in- 
equality |c, - U - (pi\{y) < C e"~^, for < 6e~^. Hence, we can suppose that 

ly,l < 

Suppose, by contradiction, the result is false. Then, choosing a subsequence 
if necessary, we can suppose 

A-'(l^'^,l + \dgi\^)e] ^ 0, A-i^r^, A-1t,- ^ . (6.2) 

Define 

wiiy) = ^H^i -u- (p,)iy) , for y e B^^_i . 

By the equations \2.1\ and \6.1\ , zvi satisfies 

[igWi = Qi , in B+^_i , 

\Bg,iVi + b,w, = Q; , on ^'B+^_i , 

where 

V« ^)Ji v,-(U+<p,) ' 

Q, = -A-i j(L^, - A)(U + c/),) + A(^i), 

Q, = -A-i j(n - 2)/;-^'(!J + 4>,)P' -{n- 2)(J^ - nUs^c/); - ^%(!J + c/),)). 
Observe that 

- A)(y) = (^f - 6")(y)5,<9, + (^^gf' )(y)<9, 



(6.3) 



4(n-l) 

= (^' - 5yeiy)d,di + e,(^^^')(e,y)^/ 

"-^-efR,,(e,y) + 0(6f|yri)5,, 



4(m - 1) 
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where N can be taken arbitrarily large since we are using conformal Fermi 
coordinates. Hence, setting N = n-3, 

" " ^ -elRsMyW + + A</),(y)} + 0{A-'e"-^\yr\\ + \y\f-") 



4(n - 1) 

= O (A-\\d^g-\ + \dg,\^)e^{l + \y\f-") + OiAfe'r'il + \y\r') , (6.4) 

where we have used the identities ( |5.1) and ( |5.2) and Proposition |ZT] 
Observe that 

(m - 2)f-'''{U + (p.Y' - (n - 2)U^ - nU^^cpi 

= {n-2) (f-'-{U + cPif - (!i + (/),)^) + 0(U'^(/)f) 
= (n - 2)^;-' (((J + c/),f -(!J + (/,,) ^) 

+ (n - 2)(/;-^' - 1){U + (/.,)^ + 0(!J^(/)2) . 

Using 

u'^icf,^ = o{eJ\h,mHi + \y\f-"l 

hgXyW + m = 0{e]\d^gMl + \y\r-"), 

fr^- ({U + cp.r -{U + c/),)^) = 0(T,(!i + cp,)^^ log(!J + (Pd) = 0(T,(1 + \y\)'-"), 
if-'' - l)iU + cpd^2 = 0(T, log(/;)(U + c/),)^) = 0(T,(1 + \y\)-'), 

where in the second line we used Proposition |Z2| we obtain 

Q,(y) = O (Afe^{\d^g,\ + \dg,\'){l + \y\f-") + O (Ajh.il + \y\)'-") . (6.5) 
Moreover, 

b,{y)^nU^^, inC2,(]R«), (6.6) 

and 

b,{y)<C{l + \y\r\ for|y|<6e-i. (6.7) 

The estimate \6.7\ follows from Remark [43] 

Since \zvi\ < |zf/(i/,)| = 1, we can use standard elliptic estimates to conclude 
that Wi w, in C^^^^(]R"), for some w e C^(]R"), choosing a subsequence if 



necessary. From the identities (6.2 1, | |6.4[ , \6.5) and | |6.6[ , a; satisfies 

\3y„ 



Claim w{y) = 0((1 + lyl)"^), for y e B+^^ . 

Choosing 6 > small enough, we can consider the Green's function G, for 
the conformal LaplacianL^j inB|^ j subject to the boundary conditions B^, G, - 0, 
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on d'B'^ , and G, = 0, on d'^B'^ , where 17, is the unit normal to d'^B'^ pointing 

0€- be ■ ' 0€. ^ *^ 

inwards. Then the Green's formula gives 

^iiy) = - f Gi{x,y)Qi{x)dVgXx) + f ^{x,y)wi{x)dag.{x) 

+ I Gi{x,y)(b,{x)wi{x) -Qi{x)) dogXx). (6.9) 

Jd'B+ , 

Using the estimates ]6A\ , \6.5\ and | |6.7| in the equation ]6.9\ , we obtain 
\Wi{y)\ < CA-\\d^gi\ + \dg,\^)e^ [ \^ - yt"{l + mf-'d^ 

+ CAr^e'r' [ \^-yt"{l + mr'd^ + C f \^ - yt"{l + ^T'd^ 

Jb+ , J3'B+ , 

+ CA-H\d^g,\ + |<9g,|2)ef r II - y|2-"(l + 111)'-"^^ 

J3'B+ , 

+ CA-h, f \E-yf-"{l + m^-"d^ + CAT^e'r^ f [6 - yt"de , 

Jd'B+ , Jd+B+ , 

for lyl < Here, we have used the fact that |G,(x, < C|x - for 

\y\ < 6erV2 and, since Vi{y) < CU{y), \wi{y)\ < CArigp^ f^j. |y| ^ Hence, 



using Lemma 9.2 



w,{y) < C ((1 + |y|)-i + A-i(|^2^,| + \dg;\')e^ + A-'e^' + A-'t,) . 



Now the Claim follows from the hypothesis ( |6.2| . 

Now, we can use the claim above and Lemma[2.1|to see that 



My) = Yj ^ij^'^y'' + (^^'^(y) + y^di,u{y)^ , 

for some constants ci,...,c„. It follow from the identity (5.3 1 that zi;/(0) = |^(0) = 
for y = 1, n - 1. Thus we conclude that ci = ... = c„ = u! Hence, 2x1 s 0. Since 
iUi{yi) - 1, we have |y,| 00. This contradicts the claim above and concludes 
the proof of Lemma 6.1 □ 



Lemma 6.2. There exists C > such that 

T,<Cmcix{{\d^g,\ + \dg,\^)ef,e 
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Proof. Suppose, by contradiction, the result is false. Then we can suppose that 



(6.10) 



and, by Lemma 6.1 there exists C > such that 

\v, - {U + (Pi)\{y) < Ct, , 

for y e B'^ , . Define 

be. ' 

wKy) = T^fi-^i -{U + (pi)){y) , for y e B^^_i . 
Then Wi satisfies the equations | |6.3^ with 

V« ^)Ji v,-(U+<p,) ' 

Q, = -Tri{(^-A)(!J + (/),) + A(/),}, 

Q, = -T-i j(n - 2)f-'-{U + c/),)P' - (n - 2)!Js^ - n!J^(/), - ^%(!J + (/>,)). 

Similarly to the estimates ( |6.4^ and | |6.5) we have 

|Q,(y)l < CT-i(|<92g,| + |5g,|2)ef(l + \y\f-" + Ct-'cI-^I + \y\r' , (6.11) 
my)\ < CT-H\d'g,\ + \dgi\^)ej{l + |y|)3-« + C(l + |y|)i-« (6.12) 



and bi satisfies the estimate \6.7\ . 

By definition, Wj < C and, by elliptic standard estimates, we can suppose 
that Wi w, in Cf^^(]R'|) for some w e C\^^{W^). By the identity ijeie} and the 
estimates ( 6.11| and | |6.12) we see that w satisfies the equations | |6.8 1. Recall that 

n-2 ' - ' ' 



^n{y) = ^/i(y) + x^dbU{y) also satisfies the equations l |6.8) (see Section 2.2). 
Let rji be the inward unit normal vector to ^^B^^_.^. Using the Green's 

formula, we have 



I ijJn{BgW, + biWi)dag. - I {Bg.ijjn + bnp„)zvidag. 

Jd'B+ , Jd'B+ , 

^ r /#„ 

J5+B+ 



(6.13) 



■Wi-lpn — 

drji drj, 



It follows from the estimate | |5.2[ and the hypothesis 1 6.10| that 



lim r 



<9l/'« 



o'r], 



da = . 



(6.14) 
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Using the equations \6.3\ , the estimate { 6.11\ and again the h5^othesis | 6.10| , 
we have 

lim I ipn{l-gi^i)dv^. = lim I !/^„Q; dc^, = . (6.15) 



We will now derive a contradiction. First observe that 

n-2 



-T , for i/„ = . 



(6.16) 



2 (1 + r2) 
Here, = + ... + y\_y Then 

where in the last equality we change variables s = . Now, observe that 

lim xri (f-'\y)W{y) - U^(y)) = - (log/(0) + log U{y)) UMy) , 

and, similarly to the estimate < |6.12^ , we have 

Q,(y) - (n - 2)Tri [f-'\y){U + c\>^\y) - {U + (/),)^(y)) 
< CTiH\d^g,\ + \dg,\')e^{l + \y\f-" . 

Therefore, since J^^„ \p„U'^ da = 0, 

lim I ijjnQ,da^^ = -{n-2) I i/^,, log( U)U^ da, (6.17) 



where we have used the hjrpothesis 16.10 1. 

Claim j^^, ipn log(!J)!Js^ da > 0. 
By the identity | [636) , 



r ^„(logU)LI^dcT = -^^^a„_2 r -^--^log(l+rV-2dr. 
Changing variables s = we get 

logd + r-y-^dr = 2 lo^iry-'dr < , 

which concludes the proof of the Claim. 



29 



On the other hand, the equation { 6.13\ together with the equations | |6.3[ , 
( |6^ , < |614l l and ( |615) gives 

lim I i/'nQ/ dff^r, = lim I ii;,(Bg, i/^„ + b,i/»„) d^g, + lim I Wi{Lg.-ip„)dVg.^ 

= r +n!jA^„| da+ r a;Ai/^„rfx = 0. (6.18) 

Here, we have used the fact that, by the identity | 6.17| , this limit should be 
independent of 6 > arbitrarily small. By the previous claim, this contradicts 
the identity l |6.17) . □ 

Proposition 6.2. There exist C,6 > such that 

\v, -{U + (P,)\{y) < Cmax{{\d^gi\ + \dg,\^)e^,er'] , 

Proof. This result follows from Lemmas [61] and [6^ □ 

Now, we are able to prove Proposition |6.1| 
Proof of Proposition \6.1\ Define 

iv,{y) = {Vi - (U + cp^)){y) , for y e . 



Then if, is uniformly bounded in compacts (by Proposition 6.2 1 and satisfies 
the equations l |6.3[ with 



Q, = -{{Lg,-A){U + cj,,) + A(pi}, 

Q, = - j(n - 2)f-''{U + cp.f -{n- 2)!J^ - nU^2(p, - ^hg^U + </),)}. 



Observe that hi satisfies the estimate \6.7) . Similarly to the estimates (6.4 1, \6.5) 
we have 

my)\ < Ce](\^g,\ + \dg,\^){l + |y|)2-« + CeT'{l + lyl)"' , (6.19) 
|Q,(y)| < Ce^{\d'g,\ + \dg,\'){l + |y|)3-« + Ct,(1 + lyD^"" 

< Cef{\^gi\ + \dg,\^){l + \y\f-" + Ce:'-3(1 + \y\)'-" , (6.20) 



where in the last inequality we used Lemma 6.2 
The Green's formula gives 



^iiy) = - \ Gi{x,y)Qi{x)dVgXx) + f ^{x,y)zvi{x)dOgXx) 

+ I Gi{x,y)(bi{x)wi{x) -Qiix)) dag.{x). (6.21) 

Jd'B+ , 
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where ri, is the inward unit normal vector to d'^B'^ and G, is the Green's 
function G, for the conformal Laplacian Lg^ in B^^_j subject to the boundary 
conditions Bf G, = 0, on d'Bt and G, = 0, on d^Bt Using the estimates 

0€^ ^ be- ^ 

\6.7\ , | |6.19) , 1 6.20), L emma 6.2 and Proposition |6.2| in equation 1 6.21) , as in the 
proof of Lemma |6.1| we obtain 

\wi{y)\ < Cef (|<92g,| + \dg\^){l + |y|)-i + Ce"-\l + \y\)-^ , (6.22) 

for y e B\^ j . If n = 5, we have the result. If n > 6, we plug the inequality | |6.22) 
in the Green's formula | |6.21) until we reach 

\w,(y)\ < Ce](\d^gA + \dg,\^)(l + |y|)4-" + Ce';-'{1 + |y|)-i . 

The derivative estimates follow from elliptic theory, finishing the proof. □ 



7 Local blow-up analysis 

In this section we will prove the vanishing of the trace-free second fundamental 
form in an isolated simple blow-up point if n > 7. We will also prove a Pohozaev 
sign condition that will be used later in the study of the blow-up set. The basic 
tool here will be the Pohozaev-type the identity of Section 3 and the blow-up 
estimates of Section 6. 



7.1 Vanishing of the trace-free 2nd fundamental form 

The vanishing of tth, the trace-free 2nd fundamental form of the boundary, in 
an isolated simple blow-up point is stated as follows: 

Theorem 7.1. Suppose that n > 7. Let x, xq be an isolated simple blow-up point 
for the sequence {«,- e Mi]. Then 

In particular, tim(xo) = 0. 

Proof. In what follows we are using conformal Fermi coordinates centered at 
Xi. By Proposition 2.2 (iii), we can suppose that h{0) = hji{0) = 0. In particular, 
7n-;(0) = hki{0). Recall that we use indices 1 <k,l <n- \ and 1 < a,b <n when 
working with coordinates. In many parts of the proof we will use the identity 
( |531 l. 

We write the Pohozaev identity of Proposition |3.1| as 

P{u„ r) = Fiiui, r) + F,(m„ r) + -^Q,{u„ r) , (7.1) 

Pi + 1 

where 

Fi{u,r) = - J^Ax'dbU + ^w)(L,, - A)udx, 
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Fi{u,r) = ^ ^^,^,{x^di,u + ^u)hg.udx, 

Q,{u,r) = l^^J-^'uP'-^dx -in -2) l,^^{x%f)f-'--\P-^'dx. 

Fix r > small enough such that Qi{uj, r) > 0. For the term F, we have. 



Since h{0) = h k{0) = and the fact that, according to Proposition 4.4 



-(n-2)A 

lim/^«,e, =lim/^ooe, =1, we have 



FKwu = (1 + 0/(1)) r o((i + iyi)2-»)0(ef |5V.ilyl')0((i + lyl)'"")^y 

Jd'B+ , 

re. ' 

>-Ce^\d'gi\ f {l + \y\f-'"dy. (7.2) 

Jd'B* , 



Set u,{x) = e. '"'"'(U + (pi){£-^x). Using the facts that g'l" = 1 and ^f' s in 
Fermi coordinates, we have 

Xn — 2 
{x^dbUi + ——u,){Lg^ - ^)uidx 

2 I 2 71 — 2 

= -e, (y'-^fcz;, + -^v,)^ - ^)v,dy , 



Xn — 2 
(x''^bM; + — — M,)(Lj, - A)M,dx 



£^ (y''5fc(;j + (Pi) + ^(U + (/),))(%. - A)((J + (/),)rfy . 



It follows from Proposition 6.1 that 



\Fi{Ur, r) - F,(M„ r)| < Cef (|5g,| + \d^gMd^gi\ + l'?g<f ) f (1 + \y\f-^"dy 

+ CerH\dg,\ + \d'g,\) f (l + lyl)-"dy. (7.3) 

re. ^ 

We write 

Fi{ui, r) = (1 + 0,(1)) jK,(a U) + UU, (p.) + R,{cPi, U) + UcPi, c/),)} , (7.4) 
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where we have defined 



Xn — 2 
{y'^'dfjWi H — - — w\){Lg- - A)iV2dy . 



Using the identities |[Z2|, |[73| and l[73| and the fact that Q/(m„ r) > in the 
equality 1 7.1 1, we have 

P{u„ r) > (1 + 0,(1)) [Ri{U, U) + UU, (Pi) + RiicPi, U) + Ucp,, (/)0) 
- C{\dgd\d^g,\ + \dg.\' + \d^g.\^ + \d'gd) e\ 

- C{\dgi\ + 1^2^,1) er'(log e,)(log r) • (7.5) 

By Proposition |2.1| and the estimate l |5.2| , 

- J (y'di,U+'^UyLg_-A)cl),dy 

>- J {y'^Mi + ^^-J^^) {2eih,{0)y„dkd,U)dy 

- J (y''dbU + {2eihM{0)y„dkdicj,,)dy 

- Ce^\him{\d^g,\ + \dg,\^) [ (1 + \y\f-'"dy . 

Now we apply Proposition to this inequality to ensure that 

R,{U, (Pd + R,{(P„ U) > -C {e^\h,m{\d'gd + \dg,\^) + \h,{0fe1-V-) . (7.6) 

It follows from the estimate ||5.2b that 



R,{(Pu(p.) = e^\hm\Vg,\ [ 0{{l + \y\r-'")dy. (7.7) 

We will now handle the term R,(U, U). Observe that 
diU{y) = -{n-2)({l + y„f + \y\^y'y,, 

n+2 

dkdiUiy) = {n-2) ((1 + y„)2 + |y|2) ^ j^^^^^ _ ^ ^^^^2 ^ ^^^i^^^^^ ^ 
y%U + = ((1 + ynf + lyP)"' {\y\' - 1) ■ 
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Using this we obtain 

i 

• (gf' - 5"){eiy) (ny.yi - ((1 + y„f + lyl^)^,,) dy 



(n-2)2 f |y|2-l 



2 Jb- , ((1 + y«)2 + lyP) 

a2 r |„|2 



{n-2? r \y\' - 1 2„ , , , 



Using Proposition 2.1 and symmetry arguments, we have 

RiiU, U) > ^^^^(Ai +A2+A,+ A4) - C(|^2^,| + \dg,\^)er^r^-' , 

where 



^2 = - i;7=o Co /hS^iYY [k-'^^' ~ 5f )(e,y)6,d dosiy)^ dsdy„, 
Using Propositions |2.1| and 2.2 we see that 

r ig-' - 6f )(e,y)y;cy; dcJs = On-ie^^ ■ 2\hm\' + ef l<?'^dO(|(s, y„)l""') , 

Jsr' 

+ e^\d'g,\0{\{s,yn)r^), 
■ r (%f )(e,y)y; dos = |5V,|0(|(s, y„)r^i) , 

ef. r Rg_{e,y)do,^-On-2els'-^-\h,m'' 

+ ef(l'?'^,l + l^'g,ll'?g,l)0(|(s,y„)ri), 

where in the last equality we used the fact that, by the Gauss equation, R{0) + 
l^;c;(0)p = 0. Set I = J^^ {s^+iy ■ Using Corollary 9.1 and the four equalities 
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+ e3|^3^,| r 0((1 + |yr2«)dy 

1 y->oa 
n- i- Jy„=0 

-'y„=o 

+ ef|a3g;| r 0((1 + |yr2«)dy, 

re. ^ 
I 

+ e^\d'gi\ f 0((1 + |y|)5-2")dy 

I 

= -an-2efl-2\hm\^ y^(y„ + l)i-"dy„ 

Jy„=o 

Jy„=0 

+ r 0((l + |y|)5-2«)dy, 

^3 = efl^V;l r 0((l + |y|)5-2«)dy, 

re. 
I 

+ (i<93g,i + i^V.il^^il) r o((i + lyl)'"'")dy 

cT„-2e?/-z^ 57|/;h(0)|' (y„ + l)3-«dy„ 

+ cT„-2efl-— ^IMO)P r (y^-l)(y„ + l)i-"dy„ 

+ e%\d'gi\ + \^gi\\dgi\) [ 0((1 + \y\f-^")dy . 
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Set }k = jY^^dyn- It follows from the above computations that 
+an-2e^I ■ {^(/3 + /2) + (/3 - Ji) - 2(/3 + Jl) " 2{h - Ji)} |/!h(0)|' 



+o„-2efI ■ 



^ ih + 3/2 + 3/1 + Jo) + rr^(/3 + h-h- h) \ \hm? 



2(m-3)"" ' " 2(n-l) 
= a„-2ef/ ■ (aa/s + «2/2 + + «o/o) ■ l^fcKO)!^ 

- Cef (1^3^,1 + \d^g^\\dgi\) - CerV-"(|52^,| + , 



where as = -2 + 
_ 1 1 



2(n-3) 2()i-l)' ''^Z 



^ + ^^7#^, ai 



2(n-3) ' 2(k-1) ' 



(7.8) 
and 



ao 



2()i-3) 2( n-l) • 



By Lemma h = ^/3, /i 
directy computation shows that 



(«-4)(n-3) J , r _ («-4)(n-3)(H-2) 

fi i3 and ]o - 7 



2(n-3) 2(n-l) 

/3. Then a 



n — 6 

ao/o + + «2/2 + 0:3/3 = ~^~J3 ■ 
This, together with the inequality ( |7.8| , implies 

K,(!J, !J) > a„-2e^'^Ij3\h,{0f - Cer^r^-"{\d'gi\ + [dgil") 
- Ce^{\d'gi\ + |5V<Pg,|) . 



(7.9) 



Hence, by the estimates l[73|, l|7^, l|77| and 

P{u„r) > (1 + o,(l))a„_2ef ^I/3|%(0)|2 - Ce'rHlogey-"{\dg,\ + \d^g,\ 



- Ce^{\d'g,\ + \dgi\\d'gi\ + \d'g,\' + \dg,\') 



4.3 



we can assume that e . ' ' ' 



On the other hand, by Proposition 
C^^^(M\ (xoD- Hence, for r > fixed, e. ''''^P{ui,r) converges and 

P{u„r)<Ce'J-\ 



(7.10) 
M, converges in 

(7.11) 



Then, for r > small fixed, the estimate 1 7.10 1 together with the estimate 1 7.11 
and our dimension assumption gives |^)c7(0)r ^ Ce,. This proves Theorem 
since under our assumptions nki{xi) - hki{0). 



7.1 



7.2 Pohozaev sign condition 

Now we will state and prove the Pohozaev sign condition. 
Set 

du 2 



r (n-2 du r ,. 



+ r 



dr 



dor ■ 
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Theorem 7.2. Let Xj xq be a blow-up point for the sequence {«/ e Mi). Assume 
that 7Th(xo) i= and n>7. We work in 6^(0) using Fermi coordinates centered at x,. 
For < T, ^ 0, set 

1 

ft^Ky) = ff"' w,(T,y) 

/or y e B^^^_j(0). Suppose that the origin fs an isolated simple blow-up point for the 
sequence [wi] and that Wi{0)wi G away from the origin, for some function G. Then 

lim P'(G,r) > 0. 

Proof. Observe that |7Ih(0)| = \nki{xi)\ > jItthCxq)! for i large. We will restringe 
our analysis to Bt(0) c j(0), for some 6 > fixed. Set e, = e,T~^. Hence, 

i_ 

Wi{0) = e. and e, 0. Let gj be the metric on Bt(0) with coefficients 

igdkiiy) = {gduiT^iV) arid denote by h^ the corresponding 2nd fimdamental 
form. 

Similarly to the proof of Theorem 7.1 using conformal Fermi coordinates 
we have 

P(w„r) > (1 + oman-2e]'^lh\hi{0f - Ce--\\ogey-"{\d~g,\ + \d^g,\) 

- Ce^{\d'g,\ + \dg,\\d^gd + \d^g,\^ + l^f ,f ) . (7.12) 
By the Young's inequality, 

e'rHlogey-"\dg.\ < \dg,\^e1-^{loge,)V-^"+6';-'r\ 



Hence, writing the inequality ( 7.12 1 in terms of the metric gi we have 

P{w„r) > (1 + o,(l))a„_2e2^J/3|/z,,(0)|2 - Ce^{\dg,\^ + \d'gi\)e'r\\oge,fr^-^" 
- Ce^{\d^gi\ + \dg,\\d^g,\ + T,\d^g,\^ + \dg,\') - Ce^^r^ 

>-ce;'-v, 

for large i and r > small fixed. Here, we used our dimension assumption and 
the fact that |7H:;(0)| > ^\nki{xo)\ > in the last inequality Hence, Proposition |4.4| 
implies 



P'(G,r) = lime, ''•''P{wi,r) > -Cr^ . 



This proves Theorem 7.2 



8 Proof of Theorem IIJJ 

In this section, we will prove Theorem |1.1| 

The first proposition of this section states that every isolated blow-up point 
Xi xq is also simple, as long as nti, the boundary trace-free 2nd fundamental 
form, does not vanish at xq. 
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Proposition 8.1. Let x; —> xobea blow-up point for the sequence {w; e Mi). Assume 
that 7Th(xo) i= and n>7. We work in 8^(0) using Fermi coordinates centered at x,. 
IfQ < T,- — > or Ti = 1, set 

1 

for y e B^;*"^_j(0). Suppose that the origin fs an isolated blow-up point for the sequence 
[wi]. Then it is also isolated simple. 

Proof. Suppose that the origin is an isolated blow-up point for [wi] but is not 
simple. By definition, passing to a subsequence, there are at least two critical 

points of r 1-^ rf^Wi{r) in an interval (0, p,), pi 0. Let r, = _R,w;,(0)~''''~^^ — > 



and K, ^ oo as in Proposition 4.1 By Remark 4.3 there is exactly one critical 



point in the interval (0, r,). Let p, be the second critical point. Then p, > p, > r, . 

1 

Set Vi{z) = p^'^^ Wi{piz), for z e B^|^^_,(0). Observe that, since p, > r,-, 
z;;(0)P'-i = p,k;KO)P'-i > R,- ^ oo . 

Hence, z;,(0) oo. 

By the scaling invariance (see Remark [41) , the origin is an isolated blow-up 

1 — 

point for [vi]. By the definitions, r i— > r''^^ z;,(r) has exactly one critical point in 
the interval (0, 1) and 

Ur^'Hr))\r=i=0. (8.1) 
dr 

Hence, the origin is an isolated simple blow-up point for {c,}. It follows from 



Proposition 4.3 that c,(0)c, is uniformly bounded in compacts of ]R" \{0}. Using 



the equations l |2.9| and the scaling invariance property stated in Section 2.4, we 
can suppose that 

Vi{0)v,{z) G(z) = fl|z|2-" + b{z) , 

in C^^^(]R"\{0}). Here, b is harmonic on ]R" with Neumann condition on 51R" 
and fl > 0. Since G > 0, liminf|z|^o<, b{z) > 0. By the Liouville's theorem, b is 
constant. By the equality ( |8.1| , 

|;(r^/z(r))U =0, 

which implies that b = a > Q. This contradicts the sign condition of Theorem 

Ea □ 

The next proposition ensures that the set {xi, x^l c dM of points obtained 



in Proposition 4.2 can only contain isolated blow-up points for any blow-up 



sequence {m, e Mi] as long as Uki does not vanish at the blow-up point. 
Proposition 8.2. Assume that n>7. Let fi > Obe small, R> Obe large and consider 



Co = Co(/3,-R) and d = Ci{f},R) as in Proposition 4.2 Let xq e dM be a point 
such that tih(xo) ^ 0. Then there is 6 > such that, for any u e Mp satisfying 
max^M" ^ Co, the set d'B^{xo)r){xi{u),...,Xf^{u)] consists of at most one point. Here, 



xi(w), ...,xjv(m) e dM, with N = N{u), are the points obtained in Proposition 4.2 
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Proof. Suppose the result is not true. Then there is a sequence m, e Mi, 

max^MW/ ^ Co/ such that after relabeling the indices we have x^'',X2^ xq, 

as i —> OO. Here, we have set x*'^ = Xi(M;), = ^N,{^i) ^^'l = ^("<)- 
Define 



C/flfm 1 There exist 1 < 7, + k-, < N, such that xj'',xj.'^ e (9'B+ _,(x^''), 
dg{xf>, x'-^) >^o,, for all xf, x^2 e / m . 



Suppose that Claim 1 is false. Then there exist e (9'B^_j(x^''), Zi ?t j^i, 

with 

ou ■■= dg{x^^,x'^l) < -ffo,,- ■- :^sf- 

If we repeat this procedure, we obtain sequences x|'',x|,',^^. e (9'B^„ ^ Z,- 9^ 

with ^ 

o^-j = dg{Xj /Xfji^) < — 0^-1 

Since N, < 00, this procedure has to stop and we reach a contradiction. This 
proves Claim 1 . 

Using Claim 1 and a relabeling of indices, we find x^^'^Xj' ~^ ^0 and s, 00 
so that, if a, = rf|(Xj',X2'), we have s,a, and 

dj(xj'\x{^) > iff, , for all x|'\x;;) e <?'B,^^^.(x5'^) , / 7^ m . 



By the item (3) of Proposition 4.2 we have M,(xJ'^),M,(x^'') CO. 
Now we use Fermi coordinates centered at x^ ' and set 

1 

^i(y) = u,{o,y) , f or y e B+ (0) . 
If x|'^ e 5'B;!;„.(0) and we set yf = ct~^xJ'^ (in particular, yf = 0), then each yf 



is a local maximum of c, and by the item (3) of Proposition 4.2 



mindy - y{'V My) <C, for y e <9'Bt^.(0) . 

Furthermore \yf\ = \yf - yf\ = 1 and min;^„, \yf - yf\ > 5 + o,(l). 
Claim 2 Vi{yf),Vi{yf) 00. 
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If Vi{yf) stays bounded but Vi{yf) oo then the blow-up at z'Kyi'^) is 
isolated and hence isolated simple, while c, remains uniformly bounded near 



4.3 



that Vi{y'-^^) — > 0. This is a 



1/2 ■ It follows from Lemma 9.3 and Proposition 
contradiction since the item (1) of Proposition |4. 2| irnplies that 

Oi > max{RM,(xf )-(P'-i),Rw,(^2')"^'''"^'}, 

thus 

Vi{yf)Myf)>R^'- (8.2) 

Of course the same argument holds if we exchange the roles of C((3/i^) 
v,{yf). 

On the other hand, if both and Vi{y'^^'') remain bounded, we can sup- 

pose that any other also does, using the same argument above. Then 

after passing to a subsequence — > c > in C^^^(R" ), where v satisfies 

inR!^, 

^+{n- 2)v^° = 0, on dRl 

and dkv{0) - dMyi) = for A: = 1, n-1. Here po - lim/^e<, p/ e - jS, ■;^] 
and 1/2 = lim,^oo yf- Note that I1/2I = 1- Then the Liouville-type theorems of 




p5l and f3U\ yield that v = 0, which contradicts the inequalities 1 8.2 1. This 
proves Claim 2. 

It follows from Claim 2 that = y*'' and 1/2^ are isolated blow-up points. 
Thus Proposition |8 . 1 [ implies that they are isolated simple. 
Then 

ViiyfMy) ^ G(y) := a,\yt" + a2\y - y2l'-" + Hy) 

in C^^.(I^+ " ■S)/ where S denotes the set of blow-up points for {c,}, b{y) is a 
harmonic function on R" - (S - {0, y2}) with Neumann boundary condition and 
fli, fl2 > 0. By the maximum principle, b{y) > 0. Hence, for |y| near 0, 

G{y)=ai\yt" + b + 0{\y\) 



for some constant b > 0. This contradicts the sign condition of Theorem 7.2 and 
proves Proposition 8.2 □ 



Now we are able to prove Theorem [O] 



Proof of Theorem [Llj Suppose by contradiction that x, — * Xq is a blow-up point 
for a sequence {m, e Mi] and 7Ih(xo) 0. Let xi(m,), ...,xjv(!,,)(m,) be the points 
obtained in Proposition |4.2[ By the item (3) of this Proposition, we must have 
dg{xi,Xk,{ui)) — > for some 1 < ki < N(m,). If x^. = xj;;(m,), it is not difficult 
to see that Ui{xi(.) — » 00. Thus x^^ — > xq is a blow-up point for {«,}. It follows 



from Propositions 8.1 and 8.2 that x^. Xq is isolated simple. This contradicts 
Theorem|7.1| □ 
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9 Appendix 

In this section, we will state some technical results that were used in the previous 
computations. 

Our first result is a modification of Proposition 2.7 in ||27| . The proof is 
similar. 

Lemma 9.1. Let (M, g) be a Riemannian manifold with boundary dM. Let x e dM 
and 1{ cMbean open set containing x. Let ubeaa weak solution to 

J Am = , in ^{\{x] 

W+!/')m = 0, ont{ndM\{x], 

where r] is the inward unit normal vector to dM. Suppose that u e Li{1{) for some 
q > ^ and u, \pu e L^(^ n dM). Then u is a weak solution to 

fAM = 0, innU, 
\{j^ + il>)u = Q, on^lr\dM. 

The proof of the following lemma is similar to the result in ^2], p. 150 (see 
also L4J, p.l08). 

Lemma 9.2. Let p > Obe small and suppose that p<fi<f}-p<a<n-p. Then 
there is C = C{n, p) > such that 

I \y- xf-"{l + \x\)-"dx < C(l + \y\f-" 

for any y e ]R"+'^ 3 K". 

For the proof we decompose M" in three regions 
m-{xeW; \x-y\<\\y\ + \], 
S := {X e W; \x-y\> \\y\ + \, \x\ < 2\y\ + 1), 
C := !x e R"; |x| > 2\y\ + 1}, 

and perform the estimates in each one separately. 

The following Hamack-type inequality was proved in [23J (Lemma A.l): 
Lemma 9.3. Let L be an operator of the form 

Lu - da {a„t{x)d„u + jSfl(x)M) + ya(x)daU + C,{x)u 
and assume that for some constant A> 1 the coefficients satisfy 

A"'l5l' < a,bL^b < m\ 
\Pa{x)\ + \ya{x)\ + IC(x)| < A, 
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for all X e B+ = B+(0) and all E, e M". If \q{x)\ < A, for any x e d'B^, and 
u e C\B^) n Ci(B^) satisfies 

iLu = 0, u> 0, in B3 , 
a„i,{x)d},u = q{x)u, on d'B^, 

then there exists C = C{n, A) > 1 such that 

max u <C mm u . 

Next we will perform some computations. 
Lemma 9.4. We have: 

^:i&r = ^j:Sw^Jora + l< im; 
(h) r = Jo"' ^ ,fora + l< 2m; 

(c) r ^'^^ - ^'"-'^-3 r ""^^^ fora + ^Klm 
Proof. Integrating by parts, 

p s"^^ds _ r sds _ a + r s"ds 

Jo (l+s2)'"+i ~ Jo ^ (l+s2)'«+i~ 2m Jo il+s^r' 

for a + l < 2m, which proves the item (a). 

The item (b) follows from the item (a) and from 

r° s^ds _ p s«(i + s^) _ n s"ds n s"^^ds 

Jo (1 + "Jo (1 + 52)'"+! ' ~ Jo (1 + S2)'«+1 ^ Jq (1 + S^)™^! ' 

To prove the item (c), observe that, by the item (a), 

r°° s"rfs _ 2{m - 1) r°° s"+2^s 
Jo (l+s2)'«-i ~ a + l Jo {1+s^r' 

for a + 3 < 2m. But, by the item (b), we have 

r°° s"ds _ 2{m - 1) r°° s"rfs 
Jo (i+s2)'"-i ~2(m-l)-a-l Jo (TT^ ' 



Corollary 9.1. Set I - p^^ds . T/zen 
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Proof. By a change of variables we get 

Jo"' w&r^-'ds = it + J: ^ds + (P - 1)(^ + ^rfs, 

Jo (s2 + (t+l)2)"-l ^ V' + -i; Jo (s2+l)»-l + >>' + Jo (s2 + l)„-l"!'- 

tn see that - 2±lr - H^J 



Then we use Lemma 

■oo n-2 



r 

Jo 



9.4 



^'/o°°(?T^>^=2;g^and/J 



to (s^+i) 



- =21. 



Lemma 9.5. We have, 



Jo (1^ 



0™ (m-\)...(m-\-k) 
Proof. Integrating by parts, 

+ f)i-'«dt = I + t)-"'dt . 

1^ Jo 

On the other hand, 

Jo Jo + r Jo (1 + 0™ Jo (1 + 0™ 

Hence, 

-dt= : —dt. 



(1 + t)'" m-l-k Jo (1 + t)" 
Now the result follows observing that ^^^^y,, dt = . 
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